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thrust to weight ratios can not be tolerated as a primary
means of controlling amplitudes of vibrations in aircraft
structures.

Problems in aircraft propulsion systems are ‘“urther
2xacerbated by the nostile environment. The compressor and
curbine blades gzenerate 2xtremely nigh centrifugal stresses.
The turbine blades, in addition, must operate at ftemperatures
ranging from 1500°F to 1900°F with accompanying “hermal zrad-
lent stresses.

The purpose of the study was to explore the concept of
introducing a vliscoelastic material at the root of a turbine/
compressor blade as a means of damping vibratory oscillations.
The avenues to thils exploration were an experimental and an
analytical model of the blade along with a comparisocn and

analysis of these models.
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The derivation of an equation of motion satisfying par-
ticular boundary conditions was the main objectlive of the
analytical section. The turbine/compressor blade was modeled
as 2 modified cantilever beam with a torsional spring and
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material z2an be chosen to it a particular zpplication. I
viscoelastic damping at the blade root proves feasible,
further studies employing materials usable at engine oper-
ating temperatures should be pursued. It 1is already well
known that vitreous materials have high loss factors <%hat

can be employed to conslderably reduce resonant vibratory

energy (Ref 1). Such materials may be desirable in this

application.
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Table 1, an extract from reference 8, lists the actual
properties of the materlal used in the tests.

Table 2 delineates the properties of the blade and the
dovetall root.

The mass and stiffness of the shaker were determined

-

experimentally as delineated in Appendix 3.

Test Set-Up

A schematlic diagram of the test set-up 1s shown in Figure
1. The shaker exciter was a MB Vibration test egquipment model
T122133. This was used to vary the frequency and zamplitude

~

of the sinusoidal signal from the shaker. The frequency was
monitored using a Computer Measurements freguency 2ounter,
model 728C. The shaker, an MB model 5C, was uszed “c simulate
a sinusoidal tip loading that would represent “he periocdic
force on a turbine/compressor tladse., A ?PC3 force Sransiucer
model 2C3AC3 serial number 13534 was mounted in series with the
vibrator linxage. For this device, the wvendor supplied the -
calibration factor of 11.6 millivolts per pound. The trans-
ducer output {see figures 2 and 4) was then amplified by the
variable gain PCB amplifier model 48CC06 power unit. The

accelerometer (see figures 3 and 4) was a PCB model 303A serial

number 2066 with a calibration factor of 14.3 millivolts per

g that was also supplied by the vendor. It toc was amplified =

by a similar PCB power unit. Both the force gauge and the
accelerometer outputs were measured using a Tektronix oscillo-
scope model 535A. The copper constantan thermocouple was spot

welded to the blade mount in the vicinity of the elastomer

PRV
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BRLACE AND DCVETAIL PROPERTIES

PO e — M

3lade and Zovetail Material Inaxéié(

Modulus of Zlasticity 31(10%) 1b/in2 1
Blade zre2 Moment of Inertia 0.001373 inh ;
Blade Mass 0.003905 1lb-sec?-in ;
Dovetail Mass 0.000719 1b-sec2-in i
Total Mass 0.004624 1b-sec2-in

Blade Mass Moment of Inertia
about point  {see figure 4) 0.1402 lpb-sec®-in

Dovetaill Mass Moment of Inertia-

about goint O 0.00001975 1lb-sec2-1in

iTotal Mass Moment of Inertia

| about point ° 0.14021275 1b-sec2-1in |

TABLE 2
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Test Procedure

’_lJ

hl - - - - ‘-
lacemant 2t the tip 2

L)

or =2ach Trequency sweed, She 1is

Ke)

the blade was held constant by setting the appropriate ac-
celeration as determined in step 5. The strain gauges on the
spring beam were calibrated as outlined in Appendix A. Data
were collected for these displacements using the following
procedure:

1. The elastomer was nlaced on the blade root.

2. The blade was then aligned inside the blade mount
and raised into place using the set screw on the spring beam.
The set screw was adjusted to give the proper thickness as
monitored on the microscope. When this thickness was obtained,
the strain gauge voltage measurements were recorded and from
this, the contacting force was determined and the contacting
pressure was calculated. The accelerometer and the shaker

linkage were then connected to the blade tip.

3. The temperature at the blade root was recorded using

12
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4sing 2 3lizhtly 3ifferent olade mcdel was performed. The
nodel znd <hne2 tecnnijue were devaloged In 3 previous AFPIT
theslis oy Clapt Micrna2l Ximperling ‘Fef 12). This modified
zZzde had z 3ecvetzll root 27 cne inch diameter and ix 3id
L0t nave the 1,/32 inch 2learances on 2ach side., Issentizlly,

“rne dlade rcot znd the mcunt, the rcct TiY snugly intc she
noun< and the damring present was due to {riction. 4 fre-

juency sweep tetween 247 2rs and 36C cps was performed in
increments oI ten c¢ps. The amplitude of vibrations was set

£o 13Cy incnes and the clzmring force was “ive pounds.

ki

cussion

9/
u

~ata and

s -

a that were z0llected are presented as plots of

-

frequency of 7ibrations versus force required to keep the

ot

The Jda

amplitude of vibrations constant. The freguency versus “orce
divided by frequency is also plectted for reascns gziven below.
In <hecry, 3s a system apprcaches vibrations near a resonant

2

freguency, the force required *o maintain 3 constant amplitude

(o8]

n

w

approaches zero. ctuality, of course, all ghysical systems
nossess some damping; therefore, the Zorce only drors <o some
minimum v2lue 2t resonance.

Two important phenomena are important <o 3discern in these
plots. The first, as just mentioned, 1s the decrease in force
at rescnant freguencles. ©On the plots of freguency versus
force, these points are =2asily recognlzed.

The second phenomenon o observe 1s tfhe flatness of %he

resronse 2ver a1 zgiven bYandwidth near a resonant freguency.
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frequencies are discussed in section IIX. 7alues Tor the

st three resonant frequencies were found <o be 2£.2F cps,

predicted resonance was not discernible even with smallier
frequency increments of Z cps in this range. Tor both idata
runs, chere was 2n apparent second resonant Treguency at
approximately 255-260 cps. The third resonant frequency was
measured at 77% cps and 350 cps. The reproducibilify of <he
data for each data run was guite good for the second resonant

-~

frequency and only fair for the third resonant ‘rejuency.
Pigure 10 summarizes these broadband sweeps plotted on 2a
logrithmic frequency scale and a logrithmic scale of Force
divided by “requency “imes displacement.

The region near “he second resonant “reguency oFf 25%5-2%60

15

.2 cos, and TH4.3 cps respectively. The Tirst analytically




cps was chosen to investigate in greater detail by performing

frequency sweeps with increments of S cps,
FPigures 11, 13, 15 and 17 display the characteristic

dip in force at resonant frequencies of 255-260 cps for dis-

placements of 57y inches and 152u inches. ZFurthermore,
Tigures 12, 14, 1% and 12 show the relative Tlatness o7 these

responses at resonances for the same displacements.
In addition, figures 19 and 2C are plots of responses
using friction damping obtalned at freguency increments <

hese plcts zare cresented in crder ©2 maxe 3 zuall-

Qv AAm A= O ~miiaaa 0 Ay oY 12 ~m=A D miimae 7Y awvwas 27
Sy <Somparling [ISUres Lo TArCouUgEn LT Wit ILlZures LS IaInl .,
- el mam AT -t .. 3 PRI - =

cae JL3CCeLlAZT 22l ZE2MIDed I28Tonses 2re sSACWn T2 Te sChie-

- “ K S “ . 3~ - 2~ b ey
“hat the =2lastomer 1s 2 more effective Zamring machnanism. The
o P Ad o~ A - 374 3 -
Triztlion damped sryegtem nzd 3 regconznes 2T 2742 2rs and the re-
= - o . .. PR E PP e o - ~°=2 - 1
scnant reguency o0 Thne sisccelastic 3 ysTem wWas oD ZITs. e

alastomer sandwiched in at the vlade root.
The following is 3 1list of other pertinent dJdata *hat
were collected during each data run:

Run 1 Run 2

Average elastomer thickness .00414 inches .0050 inches
Temperature of blade root TT°F 76°F%

Contact force at blade root 7.2 1bs 4 1bs _
Contact pressure at blade root 1.8 1bs/in? 1 1b,in-

The area used to calculate the above contact pressure was

determined using the arc length of the dovetall minus the

16
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The magnitude of <ne derivative i1s determined by the fre-

juency devendence 37 She damring properties. The strongly
depenisnt materials have 3 derivative near the first order
and <he weakly derenient 2lzastcmers would avproach the zero
srder derivative. OCZn: 2dvantage oFf <his aprroach 1s fthat

it can be used o model nonsinusoidal and transient excita-
tions. However, it is mathematically more difficult fthan
the otner aprroach using the complex modulus.

Mathematical simplicity was the inpetus for choosing the *

oo

complex modulus to model the elastomer properties in this
*

analysis. With this approach, the mocdulus used in the stress-
Ld

strain relationship has two components: one real and one

imaginary. It 1s written as follows:

1)

Q
1}
—~~
O]
—
+
'. de
(2]
no
~
om

E, 1s the Imaginary part or 1oss modulus and contains

the ie

'a
(]
o]
[o}
V]
3
Q
¢4
O
L]
p
oy
D

dampging on the velocity, or the fre-
suerncy o2f the vibrations. The following is an alternative
) J

1,

Torm owhere n is the ratlio of 31 and

&3]

5 called the loss fzctor:

Q
H
144

=
o~
—
+
[y
3
~
(Y]

(2)

This model can only be used with pure sine wave excltations.

Scuniary Zonditions at the Root

Tc determine the 3oundary c2ondition at the roct of the

5

L e e i e




blade, ‘see Fig -), +the nmoment at that point must be examined.

Since fhe 3damping material will be stressed with 2 shearing

force, “he abcve tensile modulus must be changed to the

snhearing modulus. Then, as 23 result
= 3 b
53232 _ IR 3y r2)
TS T ST 3%
where
3 . .
?% = slope of the beam at the root junction, 2nd ()

[®]

= 31(1 + in) {

, e 2
= complex shear modulus {(lb/in%)

L3

consequently the moment is

-

M = t{R a W)R= R% o W 1 (
=fa1+ ) &  (See Fig 4) (7)

Nhere

R = radius of dlade root (inches)

s = 28° 4 W (inches’) (

N = width of vlade (inches)
3eanm Zguation

The classical cantilever beam 2quation i1s as follows
(Ref 3):

4 ?
=T _..\La ; K 377 = 3
jons 3.{“ + 'Ib a—t—'é- 9 ( )

w

———




= S I e e s~ = s s B - s L T Dt T
licizlzmaint ol - lzis POt I s
N -
MlozzTlia L
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1, = mas3 p22r unit Zangth o7 =hs 2lade Tlt 3227 inT ‘
o!
a S i
The Uollcowing 13 =he well-xnown 301usicn =2 hls 2quation 4
ST -
. IS - -2 2 . = ~ s 2 = ~ :
PR = 2. 2L o+ T4 223 E G Za S LK T ;
B -_—
-
3 h Y g4 2 - ‘1 {
y cosh 3x) sin 37 a ¢ 12)
b
.
wnere 7
9§
]
-
A
SRR I
\ .

» = frequency of the response in radlans per second, and

n

w/a (11)

w
i

3oundary -onditions

Pigure 22 delineates the boundary conditions of a modi-
fied cantilever beam. The bottom mass and stiffness at the
tilp represent the shaker and part of the linkage and force
zauge. This iIs the source of the sinusoidal displacement.
The top mass represents the remainder of the force gauge,
linkage and accelerometer. The torsicnal spring and viscous
iamper at the root model the moment produced by the shearing

force of the elastomer.
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Trom

From

From

Consequently, “he boundary conditlons are:

(1) 7(00,t) =2

(2) E1id (9,8) = £, (1 + 1n) 3L r2,0)
{2 "T32 (T \
N3 Z‘ﬁ% (L,t) =0

-—Taa [ 1\ M ".’v + N ‘- - - N
\4) o4 N=y v/ - .n y\-—l,-// - X J\__,4 bl 4

boundary condition 1)
J

Bu = —B2

boundary condition (2}

EI1(-B,82 + B,3%) = [% G, (1 + i—][ 2.3 + 3,
let © = % 3,1+ 1),

and substituting BM = 582,'then

TT(? =
EI(28B,) = P(3, + B3), or

il

= 2
Bu- \3 + B

2EIB8 1 3)

voundary condition (3),

2 2

EI(-Bls singl - 3282 cos8L + B.8° sinhslL +

3

2 . N
3u3 cosnBgL, = 3

Using previous substitutions and rearranging

B

3 35%5 {cosBL + coshBL) + sinhBL]

-
.




=)
a T I
Bl {ainﬁu 5ETR

(cosBL + coshgl)

let Q = 2“58 (cosBL + coshgL) + sinhglL
. 2 .
let R = singl - === (cosgL + coshsl)
éE..LB
then 3, = BI(R/Q‘

=
z

rom boundary condition {(4)

3 “
zz%;% (L,t) ~ M y(L,t) = k_ y(L,t)

=
. /2 2
where y, = -y, {872}, then
EI(-8183 cosBL + 3233 singlL + 3?63 coshpl +
1
BMBB sinhgL) + [Ms(52a52 -k | (E1 singL +
e 4
82 cosB8L + B3 sinhgL +'B, coshgL) = 0
Jsing previcus substitutions yields
o 3 . _P 3 .
2I( 3,87 cos3L SETE (B1 + BI(R/Q))B singL +
3 (R/“)BB cOShBL + z—oe (B, + B (R/Q))s3 sinhgL)
100 - 2EIB 1 1M ‘
v r.2..2 1 N P,
+ [ﬂs (872)" -~k ] (Bl singlL =~ 5573 ‘Bl + Bl(R/Q>)
! T P
cosgl + Bl\R/Q) sinhglL + SET
coshgl)

(B, + 3,(R/Q)
= 0

an
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This oroblem was solved using an ifterative fechnijue 3
delineated in Appendix 2. Zssentially, the %technicue :consists
of estimating a range of values for the real par%t of the
elgenvalue and *hen incrementing the real part throughout this

range searching for wvalues of the functlon that are decreasing.

Nhen the function is minimized (idealy it would be equal =0
zero) the resulting real part of the eigenvalue is used to
repeat the above procedure searching for the real and ima-
zinary parts of the roots to the equation. In this case,
the search range 1s determined for the complex part of the
root.

One 4ifficulty with this approach is that ¢he resulting
minimum value over a given range may not be an actual root
of the esquatlion. To overcome this difficulty, an order of
magnitude analysls of each minimum, along with a comparison
of elgenvalues of 3 pure cantllever beam, can be used to

eliminate false roots.
41
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0 (10.513
31(10)° (0.001373)

A comparison of the analytical and e2xperimental results is as

follows:

Iesonant Analytical Zicerlinental K
“rajuency redicticn Jzasurenent Jiffzrencse
3econd Run 1 253 255 1.1
3econd Run 2 253 250 neglizivle
Third Run 1 764 775 1.4
Third Bun 2 754 353 11
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“nxlys3is 8 Fiz 13 2ody Moda
T.et 3. = P hl IS 3 < + o N a P
Zoliznze ©T the lowest mode, =xrected o bDe credcminantly
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I 1s the mass acmant ofF inertia about the blade dovetall

o
root made up of the nass of the blade and the tip mass des-
cribed in the previous sectlon. This f£ip mass is treated as
3 polnt mass; hence, the mass moment of inertia about i1ts own
center of

ravisy is ignored. In short, I is calculated as

follows:
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2aleulated
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As a final attempt to

e

that if the damping in the

ol

M L3+ MtCle

W

b

(1.0046)(10.5)3 + 7.000143(10.9)

Wil

- 2 .
2.1348 1b - sec”™ -~ in

moment 35 inertiia o

The noment at the blade rcot is sizmilar

. s EN A .
the rizid body mcde ENAEN replaced with

Da

X
=t 5f the natural freguency for =
as “nllows:

Am
- A
A
I.°
-
~ 1 .2 e .
43 1b/in” in Shis fregusnery range
o 3
is 2s focllows:
PPN 1 1
K e -
\.3‘56:, 43} -
TN "<~y r >~ ooy o© <
(VAU S I O I

not be found experimentally as a resconance .

orediction of the response was 2xamined. The aypothesis was

heavy, then the dip 1in force at resonance may not be discern-

The analysls showed that thls resonance should de-

4y

hat=) “ma

I 1
she 2=2an

£ could

explain this enigma, an analytical

rigid body mode was sufficiently
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2eriod reguired o zoll2ct onée Iata run, Tne Thnermccouc-e
reading was ctserved S sary up o 10T,

Tilzures IF and 2% zhcow She impazTt 27 The rariances men-
- m — o < - ol - -
cloned zbove There are <hree jifferent I1o0ss Tactcrs nlottead
b . o -7 &~ . E -~ 3 - DA y 4~ -
©0 account for thne <tamperature varliaticns Tcor toth the second

and third resonant “requencies. The data used

ison are as follows:

Loss Modulus Temperature rfrequency
Factor (1bs/1in2) °C (CPS)

ny = 1.1203 138 24,4 315.1

n, = 1.0131 117 29.4 204,14

n3 = ,8981 78 37.8 284,13

In addition, the elastomer thickness was varied from 0.303
to 0.005 inches. The abcissa 1s scaled to the magnitude of
the complex modulus divided by the thickness.

Flgure 25 shows that over the entire range of fempera-
tures and thlcknesses the predicted resulting frequency vari-
ation is less than 13%. Figure 26 shows that at the higher
frequencies this error is reduced to less than 7%. In sum-
mary, varilations in the above parameters will probably not

cause large discrepancies in the results of the experiment.
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V Conclusion

-~

In conclusion, viscoelastlc materials appear promising
as an effective vibration damper for turbine and compressor
blades. Presently, most Zurbine engines use friction damping

at the blade root of the turbine and compressor blades. By

qualitatively comparing the flatness of response curves at
resonance for friction and viscoelastic damping, the latter
was found to have a flatter response. Hence, 1t appears to
be a more effective damping mechanism. However, before this

application can come to fruition, meore research must be per-

formed. Important questions must be answered. ZQuestions such 4
as: {1) "Is the increased complaxity of a visccelastic blade 4

roos material overcome by the benefits of improved vibraticn b
damping?" and (2} "Can a2 design be “ormulated which is ser-
vicable in the adverse 2nvironment?”

Finally, this was intended to be a zreliminary study.

O]

During ttne course cof <he study three otner sbservaticns were

made as follows:

(1) nolding displacement constant while measuring the
force is a feasible apprcach

(2) even though the analytical model is sensitive to tip
mass, such a model can be made that correlates with experi-
mental data at selected polnts

(3) 1f nhigher displacements had been used a2t the first
resonant frequency the force measurements may have been greater

g_) than the rnoise level.

52




4‘_\

27 2laze Tlewarzl Tiodrations ov o Means I UligtalzsTie
-a&mninae STCUSTLTi. JALAT LY 2d. oIllle . Allllaa
ASME ot lcegTtom o AT amTic LT | Jecamoar a4l
3aglev, Ronmaid L. and P2ter J. Torvixk. A Senerailied
Derivative MModel I2r an Zlastomer Damper.’' The shock
and Vidraction duliecin, No. =%, part Z, l35-i43,
September 19/9.

Meiroviten, Leonard. Anailvbical - eThods 1o [iJracions.

London: Collier-Macmillan Limited. 162, 1967.

Meirovitch, Leonard. Elements of Vibration Analvsis.
New York: McGraw-Hill Book Company, 19/5.

prog

Bagley, Ronald L. "Fractional Calculus - A Different 4
Approach to the Finite Zlement Analysis of Visccelasti- .
cally Damped Structures.'" AIAA/ASCE/AHS 22nd Structures, F
Structural Dynamics and Materials Coniference, Atlanta, i
GA: 6 April 1981.

Balfour, A. and D.H. Marwick. Programming in Standard
FORTRAN 77. New York: North-HETTgﬁa_TEE%,-T97§T—___-

Bodynas, Richard G. Advanced Strength and AEEIied
Stress Analysis. New York: McCraw-A11T 300k Company,

Drake, Michael L. and Gary E. Terborg. Pol meric
Material Testing Procedures to Determine 5am21ng Proper-
ties and the Results of Seclected Commercial Material.

AFWAL=TR-80-4093, 1987,

Drake, Michael L., Robert J. Dominic and Binod Kumar.

Evaluation of High Temperature Damping Applicatioas to

Tncrease ratigue Liie L&‘Rotating Jet Engine Components.
= -§U=I§7Z,‘T§Eo.

Graves, George A., Charles Cannon, and Binod Kumar. A4
Study to Determine the Effect of Glass Compositional
arrations g% Vibration Damping Properties. AFWAL-TR-

Hopkins:, David M. and Michael L. Drake. Porcelain
Enamel Material Testing Procedures to Deteérmine the
Damping Properties and the Results Of Selected Materials.
XFW§I=§R-80-4116; 1380




)
(&
[ - .
"y +
Ro) T8 * om am
¥l (] f < cet
[ 28] i (O] (@
5 . el 2
4] m ]
] " . [
e B 1Y) &)
il - ! 0 LX)
] Kid L N o)
cipn ‘a - ta
o] 9] * @ .
(7] b s - mp-
bt [SY 98] —~ipN
- __ 2] &) ML
B > nk ik~
.4 S 19 ﬁ )
£ i 1 P
[slde “tfD 8]
n o ! o0 LI
L 1 ’ Y ¥ e~
are, ol \.—Du (&)
i) [ B F 8] 55}
7 1 i ] O
(AT o =)
[ 2 : -4 nh
« 7y H ' 4]
~ o ! [y A WLrO
" L5} [al A DVkO
4 —1f 1 9 (e}
LY (8} Jf -
g (o . . m fL
ray ' . IS ke
LXN O : e
[G a4 ' o] ]
ol - ™ ]
g Il 8} - wlu
_ : . [} N -n
. ot T P o .
[ IR I ) (]
. e IS } 1y oan
-t el 3~ -rt o
[ jotd N
m (Ul g} L)
Q) 1Y W]
R s — &)
e 1 N )
! n oM eed
L] 1 o BRI
LR (SRR T 0
Ty (SRS 00N N
R A< B T
a8 | " 1 "y
4 ’ P e 4




= —

- . PR 2 .z -~ - ~ A e = - ~ A -
. N .

Nt IR T b T et - T e T tomd e s -~ SR ) - I
AT A ‘1“3_—:“4 Lok PSS - - PR O AT M aw v T il omauld T L e Ride
o N T R N e cm T e ma D mian Tnae aem aan
i et -~ . = PR R - ) = aT L P =

P - . . . < -
~ - PR S R = TN S Y o N N - - = DA o -~ > - = a
- Q-&i\' - - - - A e — B -—-a LA LR R 1 - - e = R oot o

= N T 27 by - - =~ S .= B ) - -
PRS- B - s ~ « e - NGRS Leey S - .
R R S Tm St mam ez am S e ceaT m e Tmvia e e A
- e v e . ERa— R R e ] LR A v T - T P T

Fizure 27 1s a »nlot of the resuiting calibration zurve. The
resistor <olerances were not balanced out in *he Whea“stone
bridge; hence, as seen on the curve there is a voltage osutnut

with no applied force to the beam.
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is a known force

v

D is a disvlacement

The procedure consisted of positioning the shaker so
that the core motion was vertical, A known dead weight was
balanced on the tip of the element and the displacement was
measured with the Gaertner microscope, so that a stiffness
could be computed.

Next, an accelerometer was mounted on the tip of the
element. Using an appropriate amplifier, the accelerometer
output was connected to a brush recorder model RD 2522 20Q.
The shaker was given a brisk impulse and the output of the
oscillatlions were recorded on the Brush recorder. With the
recorded calibrated time axis, the fundamental frequency of
oscillation was determined. Then using using the formula:

k
2

“n

M =

59
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where

w_ 1s the natural freguency

n

k is the stiffness

MS’ is the mass of

determined abcve

the shaker, connecting

tolt and accelercmeter

e shaker with

FGJ
ot
o

the moving mass ©
connecting bolt was calculated from
sured stiffness. The accelerometer
was substracted from the calculated
necting bolt remained con the shaker
tests, its mass was not subfracted

resulting values are as follpws:

>

k = 11.54 lb/in‘

1S3
n

the accelerometer and

the Zormuls and the mea-
~Nas weighed and its mass
total. Since the con-

for all the experimental

from the total. The

11.5 cps = 72.26 rad/sec

M = M.'" - accelerometer mass

S S

0.0020438 lb-secz/in

o e e -




¢ Tacilitate sensgitivity anaryses. The itsraticn increments

~he nrogram converges Lo =2ach a2igenyalue wivthout wassing over

In the first half of the program, the imaginary parts
of the complex arguments are set to zero %o obtain 2 rcugh
estimate of the real part of the =2igenvalue. With this es-
timate, the second part of the program iterates on both the
real and imaginary parts of the actual eigenvalue. Then, the
range of the elgenvalue estimate is increased and the above
procedure 1s repeated for the next eigenvalue.

PROGRAM EQROOT
C THIS PROGRAM IS DESIGNED TO ITERATE TC 3CLUTIONS OF THE
C EIGENVALUE PROBLEM RESULTING FROM THE EQUATION OF
C MOTION IN THE ANALYTICAL SECTION

REAL G1,G2,C,T,L,M,K,J,F1,F2,F3,F4,X1,X2

COMPLEX Z2,21,B,D,F,W

COMMON G1,G2,C,T,L,M,K,J,A,21,W

21=(0.0,1.0)
C=(2.5)%(0.496%#3,0)%(2,2514)

C C IS THE CONSTANT FROM EQUATION 7
L=10.5
C L IS THE LENGTH OF THE BLADE
M=0.002458
C M IS THE MASS OF THE SHAKER, LINKAGE, FORCE JAUGE AND
C ACCELEROMETER
K=11.54
C K IS THE STIFFNESS OF THE SHAKER

J=31%#(10.0%*6)*(0.001373)

51

NP S PR~ 3 5 G S R




8 T IS THE PRODULOT TF THI 3IADT MODULTD IR ILAITTIIITY
N - =7 DR TTTIT T Dhe T T
- — — ~— - — - ~ -
TILIHT
Am—rm S
READ¥, 31
TTRTUITE v Dy
=Sihg As T
RS P y
> - T Tun Y ~taDT ekl mrrND DT
o — —_— - — L P T ) - v —_— e
IRIUTE 3=
SZAD¥® D
IIINTE ) is
z = I3 TEE CJCMPLIEY LCIWER RANGE °F THE ZIRENTALUZ
—— i m g =~
.’.:,r.u*,:
SRINT*, (L=
C X1 IS THE JPPER LIMIT OF THE REAL 2ART JF THE ZIGENVALUE
IEAD¥*,X1
- - i -
10 IF(REAL(3;.LZ.X1;THE :
TI=RTATI(DIZ ;
2 DAL ZD

2 (37
IF(T1¥%2 .0, 3E.F2*%2)THEN ;
30 TO 10 .
IND IF i
B=B-2%D
IF (REAL(D).LT.0.0001)THEN
30 TO 20
IND IF ;
D=D/(10) i
30 TO 10 :
20 DPRINT#*,'B=! ;
PRINT#*,3 ¥
W=( (A*B*#%2 0)/(2.0%3.1416))
DPRINT#*, 'W="' %
PRINT#* 'Fl=' 71
PRINT*, 'F2=" 52 g
IND IF ‘
THE ESTIMATE OF THE REAL PART OF THE ZIGENVALUE
IS USED TO ITERATE 3ELOW ON THE COMPLEX ARGUMENT OF ‘
THE EIGENVALUE .
PRINT#*, 'B=7" ;
READ#*,3 :
PRINT#*, 'D=" ,
READ#*,D
: PRINT#*, 'X2="
7 READ*, X2
X2 IS THE UPPER RANGE OF THE COMPLEX PART OF THE
ZIGENVALUE
. 30 IF(AIMAG(B).LE.X2)THEN

QOO

aa

s 52
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QO

2

*+(R/Q)®CCOSH(Z)+(2/(2,0%J%

*+(1.0/(J*(Z/L)*%*3.0))*(M*(A
*_K)#(CSIN(Z)-(P/(2.0%J*(2/L)
®*(R/Q)®CSINH(Z)+(P/(2.0%J%(Z/

Cotil ol
L
1

YA VI Y IOV RS AR
(1

FE | I RS B

R (I TR VO [ T IR W

[IE BT I SO

[ ol

1

Z O

U o
BRI |

wd WD LA s,z b 0 g

O nn

SRINT* '3=' 2

W= (A*B**2 0Y/(2.0%3,1416)
PRINTH#*,'W="',W

PRINTH*, 'W’-',Fl
PRINT*,'FZ-',
PRINT#*,'F3=',F3
PRINT#*,'Fl=" Fi

END IF

IND

COMPLEX FUNCTION F(Z)
THIS FUNCTION COMPUTES A VALUE FOR THE =ZQUATION OF
MOTION THAT 3HOULD CONVERGE TO ZEROC TO 3OLVE THE
SIGENVALUE PROBLEM

COMMON ¢1,32,C,T,L,M,X,J,A,21,W

COMPLEX 2,21,3,W,Y

REAL 31,32,C,T,L,M,X,J,A,D,X

COMPLEX P,R,Q

7=7%L

2=(C/T)*(G1+Z1%G2)
R=CSIN(Z)-(CCOS(Z)+CCOSH(Z)

) JI2.0%5%(2/1L) )
S=CSINH(Z)+(CCOS(Z)+CCOSH(Z

)

(

/(2. 0%J*(2/L) )
O+R/G)*CSIN(Z)
))*(1.0+R/Q)*CSINH(Z)
L)*%2 0)%*%2 0
j

)
)
F=-CCOS(Z)-(P/(2.0%J%(Z/L)))
Z
*

*(p
)¥(P
*(l
/L)
(z/
))*(1.0+R/Q)*CCOS(Z)+
L)))*(1.0+R/Q)*CCOSH(Z))
Z2=Z/L

IND

COMPLEX FUNCTION CSINH(Z)

THIS FUNCTION COMPUTES A VALUE FOR THE COMPLEX

A3
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Appendix D

Response Analysis of Rigid Rody Mode

The equation of motion for a rigid body with viscous

damping and harmonic excitation is as follows (Ref 4):

N . iwt
Sy 4wl o+ ly) g(5) = Ake™? £12)

iwt . .
= B nos bt + Bi sin wt

PR —
z /%) = Ze = B

—w*

or

Ak - A )

B = 2 IR
k(L + 1iy) =o' m 1 4+ iy -0 (m/kK]

but % = l—g , therefore
- N

i1+tude of the steady state displacement 1s

The ampl

ly| = B
then ‘
(A [Al !

lyl = = (18)

5 1/2
11+ 1y (&7 (1 - e 12 e Dt .
W n o
AE
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In order o match the physics of the turbine blade pro-

blem, equation (13) should be

I 3 + 3, (e/t){1 + 1iy) ¢ = M(t) = F _Le

but, the following rarameters :zan de substituted:

m-»IO

Ak = 7 L2
o

Y = 0

Sonsequently, squation (1l4) can be written as

2 11/2
12 4 212 0y (15)

Figure 30 is a plot of Fo versus w for frequencies be-
tween 10 cps and 50 cps. The following values were used in

equation 13 when determining the values of FO:

g, = 43 1b/in°

x = 150 u inches

>3
]
n

.26 cps

£
n

(W8 )

1=

Cal
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Analytical Prediction of Force
Versus Frequency for Rigid Body
Mode at 150 Ll Inch Displacement

Figure 30 . '
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